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Abstract
We consider the effect of an array of plates or beams over a semi-infinite elastic ground on the
propagation of elastic waves hitting the interface. The plates/beams are slender bodies with fle-
xural resonances at low frequencies able to perturb significantly the propagation of waves in
the ground. An effective model is obtained using asymptotic analysis and homogenization tech-
niques, which can be expressed in terms of the ground alone with effective dynamic (frequency-
dependent) boundary conditions of the Robin’s type. For an incident plane wave at oblique
incidence, the displacement fields and the reflection coefficients are obtained in closed forms and
their validity is inspected by comparison with direct numerics in a two-dimensional setting.
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1. Introduction
We are interested in wave propagation in a semi-infinite elastic substrate supporting a perio-
dic and dense array of thin or slender bodies. This is the canonic idealized configuration used
to illustrate the problem of ”site-city interaction”. Such a problem, recent on the seismology
history scale, aims to account for the urban environment as a factor modifying the seismic ground
motion. Starting in the 19th century, the interest was primarily focused on the motion of the soil
elicited by static or dynamic sources being concentrated or distributed on the free surface in the
absence of buildings. These studies have led to important results as the Lamb’s problem [1, 2].
Then, more realistic configurations have been considered using approximate models to predict
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(a) (b)
Figure 1: Geometry of the actual problems: (a) Array of parallel plates infinite along x3 atop an isotropic substrate; (b)
Doubly periodic array of cylindrical beams atop an isotropic substrate. The scalings are chosen to capture the bending
resonances only; with kT the wavenumber in the substrate, kTh = η and kT` = O(η2).
the effect of complex soils, including the presence of buried foundations, on the displacements
in structures on the ground, see e.g. [3, 4, 5] and [6] for a review. In the classical two-step
model, the displacements in the soil without structures above, so-called free fields, were firstly
calculated and they were subsequently used as input data to determine the motion within the
structure [4, 6]. This means that the interaction, refereed to as the soil-structure interaction, was
restricted to the effect of the soil on the structure. In the mid-1970s, Luco and Contesse [7] and
Wong and Trifunac [8] studied the interaction between nearby buildings and they evidenced the
resulting modification on the ground motion. They termed this mutual interaction the structure-
soil-structure interaction, which has been later renamed soil-structure-soil interaction. On the
basis of these pioneering works the idea took root that several structures may interact with each
other and modify the ground motion, supplied by numerical simulations and direct observations
during earthquakes [9, 10, 11, 12, 13, 14, 15, 16]. At the scale of a city with the specificity of
the presence of a sedimentary basin, the soil-structure-soil interaction has been called site-city
interaction, a term firstly coined bu Gue´guen [10]. From a theoretical point of view, most of the
models encapsulate the response of a building with a single or multi-degree of freedom system
[17, 10, 18, 19, 20, 16]. On the basis of this model, Boutin, Roussillon and co-workers have
developed homogenized models where the multiple interactions between periodically located
oscillators are accounted for from a macroscopic city-scale point of view [19, 21, 22, 23, 24]. In
the low frequency limit, that is when the incident wavelength is large compared to the resonator
spacing, the effect of the resonators can be encapsulated in effective boundary conditions of
the Robin type for the soil, a result that we shall recovered in the present study. Such a mass-
spring model has been used in physics for randomly distributed oscillators [25] and periodically
distributed oscillators [26, 27, 28] for their influence on surface Love and Rayleigh waves. The
ability of arrays of resonators to block Love and Rayleigh waves has been exploited to envision
new devices of seismic metasurfaces [29, 30, 31, 32, 33, 34, 35, 36, 37, 38] in analogy with
metasurfaces in acoustics [39, 40] and in electromagnetism [41, 42].
In this study, we use asymptotic analysis and homogenization techniques to revisit the prob-
lem of the interaction of a periodic array of plates or beams on the propagation of seismic waves
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in three dimensions. We consider slender bodies in the low frequency limit which means two
things. Firstly, the typical wavelength 1/k is much larger than the array spacing `, which is a
classical hypothesis. Secondly, we focus on the lowest resonances of the bodies being flexural
resonances. The first flexural resonances correspond to kh ∼ `p/h, with `p the body thickness, h
the body height and `p/h the slenderness (in comparison the first longitudinal resonance appears
at kh ∼ 1). Now, we consider dense arrays, which means that `p ∼ `, and ϕ = `p/` ∈ (0, 1)
(Figure 1). Hence the asymptotic analysis is conducted considering that
the wavelength 1/k is large compared to h which is itself large compared to `p ∼ `.
It is worth noting that assuming ϕ = O(ηn) with n ≥ 1 would allow a reduction of model in a first
step, resulting in concentrated force problems, as implicitly considered in [19, 21, 35]. Here on
the contrary, the implementation of the asymptotic method will require that we reconstruct the
asymptotic theory of plates and beams in a low frequency regime, as previously done for a single
body in solid mechanics, see e.g. [43, 44] for plates and [45, 46, 47, 48] for beams. However,
this classical theory has to be complemented with matched asymptotic expansions to link the
behavior in the periodic set of bodies with that in the substrate. This “soil-structure” coupling
requires a specific treatment as used in interface homogenization [49, 50, 51, 52], see also [53]
for a resonant case. In the present case, we shall derive effective boundary and transmission
conditions applying in a homogenized region which replaces the actual array; and in this effective
region the wave equation for flexural waves applies. This problem can be further simplified in
effective boundary conditions of the Robin type applying on the surface of the soil, namely
σ · n = K(ω)u, (1)
where the frequency-dependent rigidity matrix K depends explicitly on the flexural frequencies of
the plates/beams. The rigidity matrix is diagonal as soon as the bodies have sufficient symmetry,
resulting in effective impedance conditions which ressemble those obtained in [22] in the same
settings.
The paper is organized as follows. In §2, we summarize the result of the asymptotic analysis
in the case of an array of plates, whose detailed derivation is given in the §3. The resulting
”complete” formulation (3)-(5) is equivalent to that in (6)-(7) thanks to a partial resolution of
the problem. In §4, the accuracy of the effective model is inspected by comparison with direct
numerics based on multimodal method [54] for an in-plane incident wave. The strong coupling
of the array with the ground at the flexural resonances are exemplified and the agreement between
the actual and effective problems is discussed. We finish the study in §5 with concluding remarks
and perspectives. We provide in the appendix Appendix B the effective problem for the an array
of beams which is merely identical to the case of the plates with some specificities which are
addressed.
2. The actual problem and the effective problem
We consider in this section the asymptotic analysis of an array of parallel plates atop an
isotropic elastic substrate. We note that the problem splits in the in-plane and out-of-plane po-
larizations. The latter case has been already addressed in [36]. We focus in this section on the
former, in-plane, case. We further note that the asymptotic analysis of a doubly periodic array
of cylinders atop an isotropic substrate is a fully coupled elastodynamic wave problem, which is
thus slightly more involved and addressed in the Appendix.
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2.1. The physical problem
We consider the equation of elastodynamics for the displacement vector u the stress tensor σ
and the strain tensor ε
in the substrate, x1 ∈ (−∞, 0) : divσ + ρsω2u = 0, σ = 2µsε + λstr(ε)I, ε = 12 (∇u + t∇u),
in the plates, x1 ∈ (0, `) : divσ + ρpω2u = 0, σ = 2µpε + λptr(ε)I,
(2)
with the Lame´ coefficients (λp, µp) of the plates and (λs, µs) of the substrate, ω the angular fre-
quency and I stands for the identity matrix. In three dimensions with x = (x1, x2, x3), stress free
conditions σ · n = 0 apply at each boundary between an elastic medium (the plates or the sub-
strate) and air, with n the normal to the interface. Eventually, the continuity of the displacement
and the normal stress apply at each boundary between the parallel plates and the substrate. This
problem can be solved once the source uinc has been defined and accounting for the radiation
condition for x1 → −∞ which applies to the scattered field (u − uinc).
2.2. The effective problem
Below we summarize the main results of the analysis developed in the §3 and which provides
the so-called ”complete formulation” where the array of parallel plates is replaced by an equiva-
lent layer associated to effective boundary and transmission conditions (Figure 2(a)). Owing to
a partial resolution, this formulation can be simplified to an equivalent ”impedance formulation”
set on the substrate only (Figure 2(b)). We note that all three components of the displacement
field appear in this section, and the reader should be aware that we make use of variables x =
(x1, x2, x3) and x′ = (x2, x3).
2.2.1. Complete formulation
The effective problem reads as follow
In the substrate, x1 ∈ (−∞, 0) : divσ + ρsω2u = 0, σ = 2µsε + λstr(ε)I,
In the region of the plates, x1 ∈ (0, h) : ∂
4u2
∂x41
− κ4 u2 = 0, κ =
(
ρpω
2`p
Dp
)1/4
,
u1(x1, x′) = u1(0, x′), u3(x1, x′) = u3(0, x′),
(3)
with x′ = (x2, x3),
Dp =
Ep
(1 − ν2p )
`3p
12
, (4)
the flexural rigidity of the plates (ρp the mass density, Ep the Young’s modulus and νp the Poisson’s
ratio), complemented with boundary conditions at x1 = 0 and x1 = h of the form
σ11(0−, x′) = ρpω2ϕh u1(0, x′), σ12(0−, x′) = −Dp
`
∂3u2
∂x31
(0+, x′),
σ13(0−, x′) = ϕh
Ep ∂2u3
∂x23
(0−, x′) + ρpω2u3(0−, x′)
 ,
u2(0+, x′) = u2(0−, x′),
∂u2
∂x1
(0+, x′) = 0,
∂2u2
∂x21
(h, x′) =
∂3u2
∂x31
(h, x′) = 0.
(5)
4
These effective conditions express (i) at x1 = 0 a balance of the stress, prescribed displacements
and vanishing rotation and (ii) at x1 = h, free end conditions with vanishing bending moment
and shearing force. One notes that all three components of the displacement field u appear in (5)
which involves partial derivatives on x1 and x3 only.
x3
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(a) (b)
Figure 2: Geometry in the effective problems for an array of plates. (a) In the complete formulation, the region of the
array is replaced by an equivalent layer where (3) applies, complemented by the transmission conditions in (5). (b) In
the impedance formulation, the problem is reduced to effective boundary conditions (6) which hold at x1 = 0. The same
holds for the array of beams, with (a) (B.1)-(B.3) and (b) (B.5).
2.2.2. Impedance formulation
From (3), the problem in x1 ∈ (0, h) can be solved owing to the linearity of the problem with
respect to u2(0−, x2), see Appendix A. Doing so, the problem can be thought in the substrate
only along with the boundary conditions of the Robin’s type, namely
divσ + ρsω2u = 0, σ = 2µsε + λstr(ε)I, x1 ∈ (−∞, 0),
σ11(0, x′) = Z u1(0, x′), σ12(0, x′) = Z f (κh) u2(0, x′),
σ13(0, x′) = ϕh
Ep ∂2u3
∂x23
(0, x′) + ρpω2u3(0, x′)
 ,
(6)
with the following impedance parameters
Z = ρpω2ϕh, f (κh) =
shκh cos κh + chκh sin κh
κh(1 + chκh cos κh)
, (7)
(we have used that Dpκ4 = ρpω2`p). The conditions on (σ11, σ12) encapsulate the effects of the
in-plane bending of the plates while the condition on σ13 can be understood as the equilibrium
of an axially loaded bar (in the absence of substrate, we recover the wave equation for quasi-
longitudinal waves). It is worth noting that for out-of-plane displacements, u3(x1, x2) and u1 =
u2 = 0, the boundary conditions simplify to σ13(0, x2) = ρpϕhω2u3(0, x2). This corresponds to
the impedance condition which can be deduced from the analysis conducted in [36] and resulting
in σ13(0, x2) = µpϕkT tan(kTh)u3(0, x2) and obtained here in the limit kTh  1.
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3. Derivation of the effective problem
As previously said, the asymptotic analysis is conducted considering that the typical wave-
length 1/k is large compared to the plate height h which is itself large compared to the array
spacing ` ∼ `p. Hence, with kT = ω
√
ρs/µs and kL = ω
√
ρs/(λs + 2µs) of the same order of
magnitude, we define the small non-dimensional parameter η as
η =
√
kT`, and kTh = O(η),
(note that to excite both the bending and the longitudinal modes another scaling is required with
kh = O(1), and this is a higher frequency regime studied in [35]). Accordingly, the asymptotic
analysis is conducted using the rescaled height hˆ of the plates and array’s spacing ˆ` defined by
(hˆ, ˆ`) =
(
h
η
,
`
η2
)
,
which models an array of densely packed thin plates. We also define the associated rescaled
spatial coordinates
y1 =
x1
η
, z =
x
η2
. (8)
3.1. Effective wave equation in the region of the plates
3.1.1. Notations
In the region of the array of parallel plates, the displacements and the stresses vary in the
horizontal direction over small distances dictated by `, and over large distances dictated by the
incoming waves; these two scales are accounted for by the two-scale coordinates (x′, z2), with
x′ = (x2, x3). In the vertical direction, the variations are dictated by h only and this is accounted
for by the rescaled coordinate y1. It follows that the fields (u,σ) are written of the form
u =
∑
n≥0
ηnwn(y1, z2, x′), σ =
∑
n≥0
ηnpin(y1, z2, x′), (9)
with the three-scale differential operator reading
∇ → e1
η
∂
∂y1
+
e2
η2
∂
∂z2
+ ∇x′ , (10)
where e1 = (1, 0, 0) and e2 = (0, 1, 0). Now, we introduce the strain tensor with respect to x′
εx
′
(u) =
1
2

0 ∂x2 u1 ∂x3 u1
∂x2 u1 2∂x2 u2
(
∂x3 u2 + ∂x2 u3
)
∂x3 u1
(
∂x3 u2 + ∂x2 u3
)
2∂x3 u3
 , (11)
and the strain tensors with respect to the rescaled coordinates y1 and z2,
εy1 (u) =
1
2

2∂y1 w1 ∂y1 u2 ∂y1 u3
∂y1 u2 0 0
∂y1 u3 0 0
 , εz2 (u) =
1
2

0 ∂z2 u1 0
∂z2 u1 2∂z2 u2 ∂z2 u3
0 ∂z2 u3 0
 . (12)
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The system in the region of the plates reads, from (2),
(E1)
1
η
∂y1σ11 + ∂xασ1α +
1
η2
∂z2σ12 + ρpω
2u1 = 0,
(Eα)
1
η
∂y1σα1 + ∂xβσαβ +
1
η2
∂z2σα2 + ρpω
2uα = 0,
(C) σ =
1
η
(
2µpεy1 + λptr(εy1 )
)
+
(
2µpεx
′
+ λptr(εx
′
)
)
+
1
η2
(
2µpεz
′
+ λptr(εz
′
)
)
,
(13)
with the convention on the Greek letters α = 2, 3, the same for β, and where ε stands for ε(u).
We shall use the stress-strain relation written in the form
(C′)
1
η
εy1 + εx
′
+
1
η2
εz2 =
(1 + νp)
Ep
σ − νp
Ep
tr(σ) I. (14)
Eventually, the boundary conditions read
σ2i = 0, i = 1, 2, 3, at z2 = ±ϕ ˆ`/2, (15)
and are complemented by boundary conditions at y1 = 0, hˆ assumed to be known (they will be
justified later). We seek to establish the effective behaviour in the region of the array in terms of
macroscopic averaged fields which do not depend anymore on the rapid coordinate z2 associated
with the small scale ˆ` as the following averages taken along rescaled variable z2. These fields are
defined at any order n as
wn(y1, x′) =
1
ϕ ˆ`
∫
Y
wn(y1, z2, x′) dz2, pin(y1, x′) =
1
ˆ`
∫
Y
pin(y1, z2, x′) dz2,
with Y = {z2 ∈ (−ϕ ˆ`/2, ϕ ˆ`/2)} the segment shown in figure 3.
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Figure 3: Analysis of a single plate in rescale coordinates, (9) with Y = {z2 ∈ (−ϕ ˆ`/2, ϕ ˆ`/2)}; the analysis holds within
the plate far from its boundaries at y1 = 0, hˆ.
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3.1.2. Sequence of resolution and main results of the analysis
We shall derive the equation satisfied in the region of the array, and additional results on the
stresses (pi01i, pi
1
1i ), i = 1, 2, 3, required to establish the effective boundary conditions at y1 = 0, hˆ.
The main results will be obtained following the procedure :
1. We establish the following properties on pi0
pi011 = 0, pi
0
2i = 0, i = 1, 2, 3, pi
0
13 = 0. (16)
2. Then we derive the dependence of (w0,w1) on z2 which have the form
w01 = W
0
1 (x
′), w02 = W
0
2 (y1, x
′), w03 = W
0
3 (x
′),
w11 = W
1
1 (x
′) − λp
2(λp + µp)
∂W03
∂x3
(x′) y1 −
∂W02
∂y1
(y1, x′) z2, w1α = W
1
α(y1, x
′),
(17)
and
pi011 = −
Ep
1 − ν2p
∂2W02
∂y21
(y1, x′) z2, pi033 = ϕEp
∂W03
∂x3
(x′). (18)
3. Eventually, we identify the form of pi11i, i = 1, 2, 3, and the Euler -Bernoulli equation
governing the bending W02 . Specifically
pi111(y1, x
′) = ρpω2ϕW01 (x
′) (hˆ − y1),
pi112(y1, x
′) = − Ep
(1 − ν2p )
ϕ3 ˆ`2
12
∂3W02
∂y31
(y1, x′),
pi113(y1, x
′) = ϕ
Ep ∂2W03
∂x23
(x′) + ρpω2W03 (x
′)
 (hˆ − y1) ,
(19)
and
Ep
(1 − ν2p )
ϕ2 ˆ`2
12
∂4W02
∂y41
− ρpω2 W02 = 0. (20)
In the remainder of this section, we shall establish the above results. We shall denote (E1)n, (Eα)n
and (C)n the equations which correspond to terms in (13) factor of ηn.
3.1.3. First step: properties of pi0 in (16)
From (E)−2 in (13), we have that ∂z2pi02i = 0, which along with the boundary conditions at z2 =
±ϕhˆ/2 leave us with pi02i = 0. Next from (E1)−1 and (E3)−1, we also have that ∂y1pi011 + ∂z2pi112 = 0
and ∂y1pi
0
13 + ∂z2pi
1
23 = 0; by averaging these relations over Y and accounting for pi
1
2i | ∂Y = 0, we
get that pi011 and pi
0
13 do not depend on y1. We now anticipate the boundary condition pi
0
11(hˆ, x
′) =
pi013(hˆ, x
′) = 0 that we shall prove later on (see forthcoming (35)), we get pi011 = pi
0
13 = 0 in Y . We
have the properties announced in (16).
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3.1.4. Second step: (w0,w1) in (17) and (pi011, pi
0
33 ) in (18)
Some of the announced results are trivially obtained. From (C′)−2 in (14), we get that ∂z2 w0i =
0, and from (C′11)
−1 and (C′13)
−1 that ∂y1 w01 = ∂y1 w
0
3 = 0, which leaves us with the form of w
0 in
(17). Next (C′αα)−1 tells us that ∂z2 w1α = 0, in agreement with the form of w1α in (17). We have yet
to derive the form of w11, which is more demanding. From (C
′
12)
−1, ∂z2 w11 = −∂y1 w02 and thus
w11 = W1(y1, x
′) − ∂W
0
2
∂y1
(y1, x′) z2, (21)
but we can say more on W1. Let us consider the system provided by (C11)0 and (C22)0, specifically pi011 = (λp + 2µp)∂y1 w11 + λp
(
∂xαw
0
α + ∂z2 w
2
2
)
,
0 = (λp + 2µp)
(
∂z2 w
2
2 + ∂x2 w
0
2
)
+ λp
(
∂y1 w
1
1 + ∂x3 w
0
3
)
,
(22)
where we have used that pi022 = 0. After elimination of ∂z2 w
2
2 and owing to the form of w
0
α in (16)
and w11 in (21) (at this stage), we get pi
0
11 = a(y1, x
′)z2 + b(y1, x′) with
a = − Ep
1 − ν2p
∂2W02
∂y21
(y1, x′), b =
2µp
(λp + 2µp)
2(λp + µp)∂W1
∂y1
(y1, x′) + λp
∂W03
∂x3
(x′)
 , (23)
(we have used that Ep/(1 − ν2p ) = 4µp(µp + λp)/(λp + 2µp)). It is now sufficient to remark that
pi011 = 0 imposes b = 0. This immediately provides the form of pi
0
11 in (18) and
W1(y1, x′) = W11 (x
′) − λp
2(λp + µp)
∂W03
∂x3
(x′) y1, (24)
which along with (21) leaves us with the form of w11 in (17). The same procedure is used to get
pi033, which from (C33)
0, reads
pi033 = (λp + 2µp)∂x3 w
0
3 + λp
(
∂y1 w
1
1 + ∂x2 w
0
2 + ∂z2 w
2
2
)
. (25)
Using that pi022 = 0 to eliminate ∂z2 w
2
2, we get
pi033 = Ep
∂W03
∂x3
(x′) − 2µpλp
λp + 2µp
∂2W02
∂y21
(y1, x′) z2, (26)
which after integration over Y leaves us with pi033 in (18). Incidentally, w
2
2 can be determined from
(22) and we find
w22 = −
∂W02
∂x2
(y1, x′) +
λp
2(λp + µp)
∂W03
∂x3
(x′)
 z2 + λp
λp + 2µp
∂2W02
∂y21
z22
2
+ W22 (y1, x
′). (27)
3.1.5. Third step: the pi11i in (19) and the Euler-Bernoulli equation in (20).
We start with (E)0 in (13) integrated over Y , specifically,
∂pi111
∂y1
+ ρpω
2ϕW01 = 0,
∂pi112
∂y1
+ ρpω
2ϕW02 = 0,
∂pi113
∂y1
+
∂pi033
∂x3
+ ρpω
2W03 = 0, (28)
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where we have used (16) and pi2 · n| ∂Y = 0. Since W01 and W03 depend on x′ only, and accounting
for pi033(x
′) in (18), we get by integration the forms of pi111 and of pi
1
13 announced in (19). Note that
we have anticipated the boundary conditions pi11i = 0 at y1 = hˆ, see forthcoming (35).
The equation on pi112 in (28) will provide the Euler-Bernoulli equation once pi
1
12 has been
determined (the integration is not possible since W02 depends on y1). To do so, we use, that
∂y1pi
0
11 +∂z2pi
1
12 = 0, from (E1)
−1, along with pi011 in (18). After integration and using the boundary
condition of vanishing pi112 at z2 = ±ϕ ˆ`/2, we get that
pi112 =
Ep
2(1 − ν2p )
∂3W01
∂y31
(y1, x′)
(
z22 −
ϕ2 ˆ`2
4
)
, (29)
hence the form of pi112 in (19). It is now sufficient to use pi
1
12 in (28) to get the Euler-Bernoulli
announced in (20).
3.2. Effective boundary conditions at the top of the array
To derive the transmission conditions at the top of the array, we perform a zoom by substi-
tuting y1 used in (9) by z1 = y1/η, see Figure 4a. Accordingly, the expansions of the fields are
sought of the form
u =
∑
n≥0
ηnvn(z′, x′), σ =
∑
n≥0
ηnτn(z′, x′), (30)
where we denote z′ = (z1, z2). The coordinate z1 ∈ (−∞, 0) accounts for small scale variations
of the evanescent fields at the top of the plates. Next, the boundary conditions will be obtained
by matching the solution in (30) for z1 → −∞ with that in (9) valid far from the boundary for
y1 → hˆ. This means that we ask the two expansions to satisfy
v0(z1, z2, x′) + ηv1(z1, z2, x′) + · · · ∼
z1→−∞
w0(hˆ + ηz1, z2, x′) + ηw1(hˆ + ηz1, z2, x′) + · · · ,
(and the same for the stress tensors); note that we have used that y1 = ηz1. It results that
lim
z1→−∞
v0(z′, x′) = w0(hˆ, x′), lim
z1→−∞
(
v1(z′, x′) − z1 ∂w
0
∂y1
(hˆ, z2, x′)
)
= w1(hˆ, z2, x′),
lim
z1→−∞
τ0(z′, x′) = pi0(hˆ, z2, x′), lim
z1→−∞
(
τ1(z′, x′) − z1 ∂pi
0
∂y1
(hˆ, z2, x′)
)
= pi1(hˆ, z2, x′).
(31)
According to the dependence of the fields in (30) on (z′, x′), the differential operator reads as
follows
∇ → 1
η2
∇z′ + ∇x′ , (32)
and we shall need only the first equation of (2), which reads
(e)
1
η2
divz′ σ + divx′σ + ρpω2 u = 0, (33)
where divz′ and divx′ means the divergence with respect to the coordinate z′ and x′ respectively.
In (33), (e)−2 and (e)−1 tell us that divz′τ0 = divz′τ1 = 0, that we integrate over Z = {z1 ∈
10
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Figure 4: Analysis of the effective conditions at the top and at the bottom of the array. (a) Half strip at the top of the
array in (z1, z2) coordinate with z1 ∈ (−∞, 0), (b) Strip at the bottom of the array with z1 ∈ (−∞,+∞); for z1 ∈ (−∞, 0),
the terms in the expansions (30) are periodic with respect to z2 ∈ (− ˆ`/2, ˆ`/2).
(−zm, 0), z2 ∈ Y} to get
∫
∂Z τ
0 · n ds = ∫
∂Z τ
1 · n ds = 0. On ∂Z, τ0 · n and τ1 · n vanish except on
the bottom edge Y of ∂Z at z1 = −zm where n = −e1. It follows, from (31) along with pi01i = 0 in
(16), that
0 = lim
zm→∞
∫
∂Z
τ0 · n ds = − ˆ` pi01i(hˆ, x′) ei, 0 = limzm→∞
∫
∂Z
τ1 · n ds = − ˆ`pi11i(hˆ, x′) ei. (34)
which provides the boundary conditions
pi01i(hˆ, x
′) = pi11i(hˆ, x
′) = 0, i = 1, 2, 3. (35)
The conditions on pi01i are consistent with (16). The conditions on pi
1
11 and pi
1
13 are those anticipated
in the previous section, see (19). Eventually, the condition pi112(hˆ, x2) = 0 combined with (19)
leads to the condition of zero shear force
∂3W02
∂y31
(hˆ, x′) = 0. (36)
We have yet to derive the condition of zero bending moment. First, integrating divzτ0 over Z, we
get 0 =
∫
∂Z τ
0
i jn j dz2 =
∫
Y τ
0
12 |z1=−zm dz2. Next, integrating over Z the scalar a ·divzτ0 = ai∂z jτ0i j =
0 (since divzτ0 = 0) with a = z2 e1 − z1e2 and integrating by parts, we get that
0 =
∫
∂Z
ai τ0i jn j ds = −
∫
Y
z2 τ011 |z1=−zm dz2 − zm
∫
Y
τ012 |z1=−zm dz2 = −
∫
Y
z2 τ011 |z1=−zm dz2., (37)
(the integral on ∂Z reduces to that on Y at z = −zm). In the limit zm → ∞, where
∫
Y z2τ
0
11 →
z2pi011(hˆ, x
′), and accounting for pi011 in (18), we obtain the expected boundary condition
∂2W02
∂y21
(hˆ, x′) = 0. (38)
11
3.3. Effective transmission conditions between the substrate and the region of the array
To begin with, we shall need the solution in the substrate which is expanded as
u =
∑
n≥0
ηnun(x), σ(x) =
∑
n≥0
ηnσn(x), (39)
with no dependence on the rapid coordinates, while in the array it is given by (9). As in the
previous section, a zoom is performed in the vicinity of the interface between the substrate and
the region of the array, owing to the substitution y1 → z1. In the intermediate region, the fields
are expanded as in (30) with the interface at z1 = 0 and z1 ∈ (−∞,+∞), see Figure 4(b). It is
worth noting that for z1 ∈ (−∞, 0) the terms in the expansion (30) are assumed to be periodic
with respect to z2 ∈ (− ˆ`/2, ˆ`/2) while for z1 ∈ (0,∞) we have z2 ∈ (−ϕ ˆ`/2, ϕ ˆ`/2). Note that
we should use different notations for the expansions and for z1 since their meaning is different;
for simplicity, we keep the same. The transmission conditions will be obtained by matching the
solution in (30) for z1 → +∞ with that in (9) for x1 → 0+, and for z1 → −∞ with that in (39) for
x1 → 0−. Matching the solutions hence means, with z = (z1, z2),
v0(z′, x′) + ηv1(z′, x′) + · · · ∼
z1→−∞
u0(η2z1, x′) + ηu1(η2z1, x′) + · · · ,
v0(z′, x′) + ηv1(z′, x′) + · · · ∼
z1→+∞
w0(ηz1, z2, x′) + ηw1(ηz1, z2, x′) + · · · ,
where we have used that x1 = η2z1 and y1 = ηz1. It results that
lim
z1→−∞
v0(z′, x′) = u0(0−, x′), lim
z1→−∞
v1(z′, x2) = u1(0−, x′),
lim
z1→−∞
τ0(z′, x′) = σ0(0−, x′), lim
z1→−∞
τ1(z′, x′) = σ1(0−, x′), (40)
and that
lim
z1→+∞
v0(z′, x′) = w0(0+, x′), lim
z1→+∞
(
v1(z′, x′) − z1 ∂w
0
∂y1
(0+, z2, x′)
)
= w1(0+, z2, x′),
lim
z1→+∞
τ0(z′, x′) = pi0(0+, z2, x′), lim
z1→+∞
(
τ1(z′, x′) − z1 ∂pi
0
∂y1
(0+, z2, x′)
)
= pi1(0+, z2, x′).
(41)
Eventually, with the differential operator in (32), (33) applies; we shall also need from (2) that
(c) η2σ = 2µa εz
′
+ λatr(εz
′
)I, (c′)
1
η
εy1 + εx
′
+
1
η2
εz
′
=
(1 + νa)
Ea
σ − νa
Ea
tr(σ) I. (42)
(ε stands for ε(u)) applying in the substrate, a=s, and in the plate, a=p, where we have defined
εz
′
(u) =
1
2

2∂z1 u1
(
∂z2 u1 + ∂z1 u2
)
∂z1 u3(
∂z2 u1 + ∂z1 u2
)
2∂z2 u2 ∂z2 u3
∂z1 u3 ∂z2 u3 0
 . (43)
The continuity of the displacement is easily deduced. From (c′)−2 in (42), v03 does not depend
on z′, and (v01, v
0
2) correspond to a rigid body motion, i.e. v
0
1 = Ω
0
a z2+V
0
1 a and v
0
2 = Ω
0
a z1+V
0
2 a, with
(Ω0a ,V0a ) independent of z′. The periodic boundary conditions in the substrate impose Ω0s = 0;
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next, the continuity of the displacement at z1 = 0 imposes Ω0p = 0 in the plates and v0 = V0p = V0s
is independent of z′. From (40)-(41), u0(0−, x′) = v0 = w0(0+, z2, x′), and making use of (17)
u01(0
−, x′) = W01 (x
′), u02(0
−, x′) = W02 (0
+, x′). (44)
For the same reasons, v1 is a constant displacement, hence u1(0−, x′) = w1(0+, z2, x′), but this
has now a consequence. Indeed, from (41) for the displacement at order 1, we have necessar-
ily ∂y1w0(0+, z2, x′) = 0 to ensure that w1(0+, z2, x′) is finite; from (17), we already know that
∂y1 w
0
1 = ∂y1 w
0
3 = 0 but the condition remains for w
0
2 = W
0
2 (y1, x
′), hence
∂W02
∂y1
(0+, x′) = 0. (45)
We now move on the effective conditions on the force. From (c)−2 in (33), divz′τ0 = 0 that
we integrate over Z = {z1 ∈ (0, zm), z2 ∈ Y} ∪ {z1 ∈ (−zm, 0), z2 ∈ (− ˆ`/2, ˆ`/2)}. Accounting for
i) τ0 · n continuous at z1 = 0, ii) τ0 · n = 0 between the plates and the air, iii) τ0 periodic at
z2 = ± ˆ`/2 in the substrate, we get that
∫ ˆ`/2
− ˆ`/2 τ
0
1i(−zm, z2, x′) dz2 =
∫
Y τ
0
1i(zm, z2, x
′) dz2. In the limit
zm → ∞ in (40) - (41) along with pi01i = 0 from (16), we get
σ01i(0
−, x′) = 0, i = 1, 2, 3, (46)
which tells us that the plates do not couple to the substrate at the dominant order. The coupling
appears at the next order, starting with divz′τ1 = 0 from (c)−1. As for τ0 and using again that
pi01i = 0, we get that σ
1
1i(0
−, x′) = pi11i(0
+, x′); eventually, using pi11i in (19), we get
σ111(0
−, x′) = ρpω2ϕhˆ W01 (x
′), σ112(0
−, x′) = − Ep
(1 − ν2p )
ϕ3 ˆ`2
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∂3W02
∂y31
(0+, x′),
σ113(0
−, x′) = ϕhˆ
Ep ∂2W03
∂x23
(x′) + ρpω2W03 (x
′)
 (47)
3.4. The final problem
The effective problem (3) is obtained for (u = u0,σ = σ0 + ησ1) in the substrate for x1 < 0,
(u = W0,σ = pi0 + ηpi1) in the region of the array for x1 > 0. Remembering that y1 = x1/η
and hˆ = h/η, ˆ` = `/η2, it is easy to see that (i) the Euler-Bernoulli equation in (3) is obtained
from (20), (ii) the effective boundary conditions announced in (5) from (36), (38), (44), (45) and
(46)-(47).
4. Numerical validation of the effective problem for a two-dimensional problem
In this section, we inspect the validity of the effective problem in a two-dimensional setting
for in-plane waves (u3 = 0, hence ∂x3 = 0). We solve numerically the actual problem of an
incident plane wave coming from x1 → −∞ at oblique incidence on the free surface supporting
the array of plates, and Lamb waves are excited in the plates. This is done using a multimodal
method with pseudo-periodic solutions in the soil and Lamb modes in the plates; the method is
detailed in [54]. In the effective problem, the solution is explicit, from (3) - (5) or equivalently
(6)-(7) when the solution in the plates is disregarded.
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We set the material properties for the elastic substrate: νs = 0.2, Es = 2 GPa, ρs = 1000
Kg.m−3, and for the plates : νp = 0.3, Ep = 2 GPa, ρp = 500 Kg.m−3, and ϕ = 0.5. We choose
` = 1 m and we set η =
√
kT` = 0.37 (ω = 124 rad.s−1), hence κ = 0.64 m−1. We shall consider
h ∈ (0, 30) m resulting in κh ∈ (0, 20) which includes the first 6 bending modes for h = hn, n =
1, · · · , 6, and h1 ' 3 m, h2 ' 7.3 m, h3 ' 12.3 m, h4 = 17.2 m, h5 = 22.1 m, h6 = 27.0 m. The
first resonance of the quasi-longitudinal wave along x1 appears for h = pi/(2ω)
√
Ep/ρp ' 25.3
m, hence it will be visible in our results.
4.1. Reflection of elastic waves - the solution of the effective problem
We define the potentials (φ, ψ) using the Helmholtz decomposition, with u = ∇φ+∇× (ψ e3).
The incident wave in the substrate is defined in terms of the incident potentials
φinc(x1, x2) = AincL e
iαL x1 eiβx2 , ψinc(x1, x2) = AincT e
iαT x1 eiβx2 ,
with (αL, β) = kL (cos θL, sin θL), (αT, β) = kT (cos θT, sin θT),
(48)
with kL =
√
ρs
λs+2µs
ω and kT =
√
ρs
µs
ω. The solution in the substrate reads

φ(x1, x2) = φinc(x1, x2) +
(
RLL AincL + RLT A
inc
T
)
e−iαL x1 eiβx2 ,
ψ(x1, x2) = ψinc(x1, x2) +
(
RTL AincL + RTT A
inc
T
)
e−iαT x1 eiβx2 .
(49)
x1
x2
0
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Figure 5: The effective (partial) problem – Reflection of an elastic wave on the surface x1 = 0 where effective boundary
conditions (6) apply. The incident wave is defined by (48) and the solution by (49). The arrows show the wavevectors.
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The effective problem can be solved explicitly. Accounting for the boundary conditions (6), it is
easy to show that
RLL =
1
D
[
sin 2θT sin 2θL − ξ2 cos2 2θT − iξa (cos θL − ξ f cos θT) − ξa2 f cos(θL + θT)
]
,
RTT =
1
D
[
sin 2θT sin 2θL − ξ2 cos2 2θT + iξa (cos θL − ξ f cos θT) − ξa2 f cos(θL + θT)
]
,
RLT = −ξ
2 sin 2θT
D
(
2 cos 2θT + a2 f
)
, RTL =
sin 2θL
D
(
2 cos 2θT + a2 f
)
,
where D = sin 2θT sin 2θL + ξ2 cos2 2θT − iξa (cos θL + ξ f cos θT) − ξa2 f cos(θL − θT),
f stands for f (κh) in (7) and ξ =
sin θL
sin θT
=
√
2(1 − νs)
1 − 2νs , a = ϕ
ρp
ρs
kTh,
(50)
(note that a = Z/(kTρs) in (7)).
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Figure 6: Reference case – Vertical u1 and horizontal u2 displacement fields in the absence of array. The fields are shown
for x1 ∈ (−100, 0) m and x2 ∈ (0, 120) m.
Obviously, the same reflection coefficients are obtained by solving the complete problem
(3)-(5); we get the displacement fields in the region of the plates x1 ∈ (0, h), with
u1(x1, x2) = u1(0, x2), u2(x1, x2) = u2(0, x2)V(x1),
u1(0, x2) =
2iξ2kL
D
[
cos θL (cos 2θT − i cos θT a f ) AincL + (sin 2θT cos θL − i sin θL cos θT a f ) AincT
]
eiβx2 ,
u2(0, x2) =
ikT
D
[
sin 2θL(2 cos θT − ia)AincL − 2ξ cos θT(ξ cos 2θT − ia cos θL)AincT
]
eiβx2 ,
V(x1) =
v1(κh) [chκ(x1 − h) + cos κ(x1 − h)] + v2(κh) [shκ(x1 − h) + sin κ(x1 − h)]
2 (1 + chκh cos κh)
,
with v1(κh) = (chκh + cos κh), v2(κh) = (shκh − sin κh).
(51)
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As a reference case, typical displacement fields (u1, u2) for a surface on its own (h = 0) are
reported in figure 6. The incident wave is of the form (48) with AincL = 1/(2β), A
inc
T = −1/(2αT)
producing an incident horizontal displacement equal to unity at x1 = 0; three incident angles θL
are reported. It is worth noting that with a = 0 in (50), we recover the reflection coefficients for
a flat interface, see e.g. [55].
4.2. Weak and strong interactions between plates and substrate
The effect of the array is encapsulated in the impedance parameters (a, f ), or equivalently
(Z = kTρsa, f ), whose variations versus kTh are reported in figure 7. The parameter Z = ρpω2ϕh
tells us that heavier plates and higher frequency produce more pronounced coupling with the
substrate, which is not surprising. The parameter f encapsulates the effects of the bending reso-
nances and it diverges when approaching them. This occurs at the frequencies corresponding to
a clamped- free single plate, in other words chκh cos κh = −1.
0
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Figure 7: Variations of the impedance parameters a = Z/(kTρs) in (50), and (Z, f ) in (7), versus h. The parameter f
diverges at the resonances of the clamped - free plates for chκh cos κh = −1.
It is worth noting that the impedance condition implying the resonant contribution is used
in [22] in the same configuration considering a spring-mass model. Neglecting the damping
used in this reference and adapting the notation, the impedance parameter f is reduced to f =
1/(1 − ω2/ω2n) with ωn a resonance frequency. This relation has to be understood locally in the
vicinity of a single resonance, and from f in figure 7, it is visible that (i) it captures the physics of
a single resonance locally (ii) it should be corrected by a constant Cn depending on the considered
resonance f = Cn/(1−ω2/ω2n) to account for the increase in sharpness of the bending resonances
when h or ω increases.
4.2.1. Weak interaction
Far from the resonances, the interaction is weak. Indeed, from (6), with Z being small and
f (κh) of the order of unity, the wave impinging the surface sees essentially a flat surface, with
σ11 ' σ12 ' 0 at x1 = 0. The resulting patterns, not reported, are indeed similar to those obtained
for a flat interface in figure 6. Since there is not much to be said on the field in the substrate, we
focus on the capability of the complete effective solution to reproduce the actual displacement
in the plates. Figure 8 show a small region of the displacement fields near the interface (h = 5
m resulting in kTh = 0.7 and θL = 45◦). From what we have said (the interaction is weak),
the displacements in the substrate are neatly reproduced. More interestingly, the displacements
in the plates are also accurately reproduced in an ”averaged” sense which clearly appears for
the displacement u1 : in the actual problem, u1 varies linearly with x2 within a single plate, in
agreement with (21); this variation at the small scale is superimposed to a variation at large scale,
16
from one plate to the other. The small scale variations do not appear in the homogenized solution
since they vanish on average while the large scale variation is captured. The same occurs for u2
but in this case, the small scale variations are less visible because they appears at the order 2 (see
(17) and (27)).
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Figure 8: Meaning of the homogenization process – Displacement fields (actual and homogenized) for x1 ∈ (−10, 5) m
and x2 ∈ (0, 20) m (h = 5 m, θL = 45◦).
4.2.2. Strong coupling near the resonances
Strong coupling in the vicinity of the bending resonances can be measured by the amplitudes
of the displacements in the plates. We report in figure 9 the amplitudes of the horizontal displace-
ments against h, at the bottom and at the top of a single plate. In the actual problem these am-
plitudes are calculated by averaging over x2 ∈ (−`p/2, `p/2) the profiles |u2(0, x2)| and |u2(h, x2)|
obtained numerically. In the homogenized problem |u2(0, x2)| and |u2(h, x2)| = |V(h)u2(0, x2)| are
given in closed-forms from (51).
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Figure 9: Amplitude of u2 at the bottom x1 = 0 and at the top x1 = h of a plate against h, from direct numerics (symbols)
and from the effective solution (51) (plain line); θL = 45◦. Shifts in the resonances h → h − h0, with h0 = 0.22 m are
compensated (dashed line). The inset shows the actual variation of u2(h, x2) within a single plate with variations as small
as about 10−4 with respect to the mean value.
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For h ∈ (0, 15) m, the first three bending resonances are visible by means of high displace-
ments at the top of the plates (up to 40 times the amplitude of the incident wave in the reported
case). It is also visible by means of vanishing amplitude at the bottom of the plate, in agreement
with (51) for f → ∞. Hence, near the bending resonances, the plates are clamped and they
impose a vanishing horizontal displacement at the interface with the substrate, a fact already
mentioned in [22]. In the substrate, the resulting displacements are significantly impacted. Large
values of f (κh) produce RLL ' −1, RTT ' 1 and RTL ' RLT ' 0 in (50), hence
u1(x1, x2) ' 2ikL cos θL (AincL cosαL x1 + AincT tan θL cosαT x1) eiβx2 ,
u2(x1, x2) ' 2kT cos θT (−AincL tan θL sinαL x1 + AincT sinαT x1) eiβx2 , (52)
corresponding to a superposition of standing waves. Examples of resulting patterns are shown
in figure 10 for the first three bending resonances to be compared with those obtained for a flat
interface in figure 6. It is worth noting that in figure 10 we have accounted for the shift in hn,
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Figure 10: Strong coupling of the array near the three first bending resonances – The values of hn, n = 1, 2, 3 have
been taken from figure 9 at the maximum displacements in the direct numerics and in the homogenized solution. Same
representation as in figure 6.
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n = 1, 2, 3 in the homogenized solution from figure 9, where a systematic shift of the effective
solution h→ h − h0, with h0 = 0.22 m in the present case.
4.3. Occurence of the first longitudinal resonance
To go further in the analysis, we report in figure 11 the reflection coefficients against h ∈
(0, 25) m and θ ∈ (0, 90◦). We represent the real and imaginary parts of the 4 reflection coeffi-
cients. As previously said, our analysis does not hold at and above the first longitudinal reso-
nance, which appears for h ' 25.3 m (hence κh = 3.4); expectedly, the effective model indeed
breaks down at this high value but it remains surprisingly accurate up to h ∼ 15 m (hence
kTh ∼ 2).
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<latexit sha1_base64="zYzM89K4 SRr8gkQAc7zgi3W7BCY=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwFaatY LsrCOKyBfuAWiRJp3VomoTMRChFf8Ctfpv4B/oX3hlTUKTohCR3zj3nzNx 7vTgQUjH2lrNWVtfWN/Kbha3tnd294v5BR0Zp4vO2HwVR0vNcyQMR8rYSKu C9OOHu1At415tc6Hz3nidSROG1msV8MHXHoRgJ31UEtdhtscQcVq+xat3+H ZQdZlYJ2WpGxVfcYIgIPlJMwRFCURzAhaSnjzIYYsIGmBOWUCRMnuMBBdKm xOLEcAmd0HdMu36GhrTXntKofToloDchpY0T0kTESyjWp9kmnxpnjS7znh tPfbcZ/b3Ma0qowh2hf+kWzP/qdC0KI9RMDYJqig2iq/Mzl9R0Rd/c/laVI oeYMB0PKZ9Q7Bvlos+20UhTu+6ta/LvhqlRvfczbooPfUsa8GKK9vKgU3HK VafSOis1WDbqPI5wjFOa5zkauEITbeP9hGe8WJdWYEkr/aJauUxziB/Levw EhJGPfg==</latexit>
90
<latexit sha1_base64="i1pY4coa X5mbKIKwVHs/NHoMJGU=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwVaZVs N0VXOiyin1ALZJMpzU0LyaTQiniD7jVXxP/QP/CO2MKihSdkOTOueecmXu vG/teohh7y1lLyyura/n1wsbm1vZOcXevnUSp5KLFIz+SXddJhO+FoqU85Y tuLIUTuL7ouONzne9MhEy8KLxR01j0A2cUekOPO4qg6zq7K5ZYmdVr7KRu/ w4qZWZWCdlqRsVX3GKACBwpAgiEUBT7cJDQ00MFDDFhfcwIkxR5Ji/wgAJp U2IJYjiEjuk7ol0vQ0Paa8/EqDmd4tMrSWnjiDQR8STF+jTb5FPjrNFF3j Pjqe82pb+beQWEKtwT+pduzvyvTteiMETN1OBRTbFBdHU8c0lNV/TN7W9VK XKICdPxgPKSYm6U8z7bRpOY2nVvHZN/N0yN6j3PuCk+9C1pwPMp2ouDdrVc OSlXr05LDZaNOo8DHOKY5nmGBi7RRIu8h3jCM16sCyuwlDX5olq5TLOPH8t 6/AQx+Y/B</latexit>
✓(
  )
<latexit sha1_base64="zmPVq1qwvjBufcWskYX4T13hjCo="></latexit>
1
<latexit sha1_base64="gjp2WQJiw+hN9SMC1mx2igPuwnQ=">AAACxHi cjVHLSsNAFD2Nr1pfVZdugkVwFZJasN0VBHHZgn1ALZJMpzU0LyYToRT9Abf6beIf6F94Z0xBkaITktw595wzc+/1ksBPpW2/FYyV1bX1jeJmaWt7Z3evv H/QTeNMMN5hcRCLvuemPPAj3pG+DHg/EdwNvYD3vOmFyvfuuUj9OLqWs4QPQ3cS+WOfuZKgtnNbrthWrVG3zxrm78CxbL0qyFcrLr/iBiPEYMgQgiOCpD iAi5SeARzYSAgbYk6YoMjXeY4HlEibEYsTwyV0St8J7QY5GtFeeaZazeiUgF5BShMnpImJJyhWp5k6n2lnhS7znmtPdbcZ/b3cKyRU4o7Qv3QL5n91qhaJ Meq6Bp9qSjSiqmO5S6a7om5ufqtKkkNCmIpHlBcUM61c9NnUmlTXrnrr6vy7ZipU7VnOzfChbkkDXkzRXB50q5ZzZlXbtUrTzkddxBGOcUrzPEcTV2iho 72f8IwX49IIjNTIvqhGIdcc4scyHj8Bor2Piw==</latexit>
 0.2
<latexit sha1_base64="1HSpw3Ex WI52owRQ4oez3ttoJwY=">AAACx3icjVHLSsNAFD2Nr1pfVZdugkVwY0gfY LsruNFdBfuAWiRJp21omgmTSbEUF/6AW/0z8Q/0L7wzpqBI0QlJ7px7zpm 597pR4MfStt8yxsrq2vpGdjO3tb2zu5ffP2jFPBEea3o84KLjOjEL/JA1pS 8D1okEcyZuwNru+ELl21MmYp+HN3IWsd7EGYb+wPccqaAz2yrd5Qu2ValV7 XLN/B0ULVuvAtLV4PlX3KIPDg8JJmAIISkO4CCmp4sibESE9TAnTFDk6zzD A3KkTYjFiOEQOqbvkHbdFA1przxjrfbolIBeQUoTJ6ThxBMUq9NMnU+0s0 KXec+1p7rbjP5u6jUhVGJE6F+6BfO/OlWLxABVXYNPNUUaUdV5qUuiu6Jub n6rSpJDRJiK+5QXFHtaueizqTWxrl311tH5d81UqNp7KTfBh7olDXgxRXN5 0CpZxbJVuq4U6nY66iyOcIxTmuc56rhEA03yHuEJz3gxrgxuTI37L6qRSTW H+LGMx09htpA1</latexit>
 1
<latexit sha1_base64="TAJ/Yh6k JPlpkuSTCsleXTKT6ns=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0htw XZXcKHLKvYBtUgyndaheZFMCqWIP+BWf038A/0L74wpKFJ0QpI7555zZu6 9buSJRNr2W85YWl5ZXcuvFzY2t7Z3irt77SRMY8ZbLPTCuOs6CfdEwFtSSI 93o5g7vuvxjjs+V/nOhMeJCIMbOY1433dGgRgK5kiCrk/Kd8WSbVXrNbtSN 38HZcvWq4RsNcPiK24xQAiGFD44AkiKPThI6OmhDBsRYX3MCIspEjrP8YAC aVNicWI4hI7pO6JdL0MD2ivPRKsZneLRG5PSxBFpQuLFFKvTTJ1PtbNCF3 nPtKe625T+bublEypxT+hfujnzvzpVi8QQNV2DoJoijajqWOaS6q6om5vfq pLkEBGm4gHlY4qZVs77bGpNomtXvXV0/l0zFar2LOOm+FC3pAHPp2guDtqn VrlinV5VSw07G3UeBzjEMc3zDA1cookWeQ/xhGe8GBeGb0hj8kU1cplmHz+ W8fgJM5mPwg==</latexit>
0.5
<latexit sha1_base64="Fh1tGg9a RtUsg7xBScSsIPBwYlY=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwFdJas d0V3HRZ0T6gFkmm0xqaF5OJUorgD7jVTxP/QP/CO2MKihSdkOTOueecmXu vG/teIm37LWcsLa+sruXXCxubW9s7xd29ThKlgvE2i/xI9Fwn4b4X8rb0pM 97seBO4Pq8607OVb57x0XiReGVnMZ8EDjj0Bt5zJEEXdrW6U2xZFvVes0+q Zu/g7Jl61VCtlpR8RXXGCICQ4oAHCEkxT4cJPT0UYaNmLABZoQJijyd53hA gbQpsTgxHEIn9B3Trp+hIe2VZ6LVjE7x6RWkNHFEmoh4gmJ1mqnzqXZW6C LvmfZUd5vS3828AkIlbgn9Szdn/lenapEYoaZr8KimWCOqOpa5pLor6ubmt 6okOcSEqXhIeUEx08p5n02tSXTtqreOzr9rpkLVnmXcFB/qljTg+RTNxUGn YpVPrMpFtdSws1HncYBDHNM8z9BAEy20yXuMJzzjxWgaoZEa919UI5dp9vF jGY+f15yQAQ==</latexit>
 6
<latexit sha1_base64="V7HXJls/wjZABicfJB9Jz4n8DmQ=">AAACxXi cjVHLSsNAFD2Nr1pfVZdugkVwY0kfaLsruNBlFfuAWiSZTuvQvEgmhVLEH3Crvyb+gf6Fd8YUFCk6Icmdc885M/deJ3RFLC3rLWMsLa+srmXXcxubW9s7+ d29dhwkEeMtFrhB1HXsmLvC5y0ppMu7YcRtz3F5xxmfq3xnwqNYBP6NnIa879kjXwwFsyVB1yend/mCVazWa1albv4OSkVLrwLS1Qzyr7jFAAEYEnjg8C EpdmEjpqeHEiyEhPUxIyyiSOg8xwNypE2IxYlhEzqm74h2vRT1aa88Y61mdIpLb0RKE0ekCYgXUaxOM3U+0c4KXeQ9057qblP6O6mXR6jEPaF/6ebM/+pU LRJD1HQNgmoKNaKqY6lLoruibm5+q0qSQ0iYigeUjyhmWjnvs6k1sa5d9dbW+XfNVKjas5Sb4EPdkgY8n6K5OGiXi6VKsXxVLTSsdNRZHOAQxzTPMzRwi SZa5D3EE57xYlwYniGNyRfVyKSaffxYxuMnP3mPxw==</latexit>
2
<latexit sha1_base64="QDjgOlq6zVezMuf/paDXQPh27VQ=">AAACxHi cjVHLSsNAFD2Nr1pfVZdugkVwFdJasN0VBHHZgn1ALZJMp3XoNAnJRChFf8Ctfpv4B/oX3hlTUKTohCR3zj3nzNx7/UiKRLnuW85aWV1b38hvFra2d3b3i vsHnSRMY8bbLJRh3PO9hEsR8LYSSvJeFHNv6kve9ScXOt+953EiwuBazSI+mHrjQIwE8xRBrcptseQ61XrNPavbv4Oy45pVQraaYfEVNxgiBEOKKTgCKI olPCT09FGGi4iwAeaExRQJk+d4QIG0KbE4MTxCJ/Qd066foQHttWdi1IxOkfTGpLRxQpqQeDHF+jTb5FPjrNFl3nPjqe82o7+feU0JVbgj9C/dgvlfna5F YYSaqUFQTZFBdHUsc0lNV/TN7W9VKXKICNPxkPIxxcwoF322jSYxteveeib/bpga1XuWcVN86FvSgBdTtJcHnYpTPnMqrWqp4WajzuMIxzileZ6jgSs00 TbeT3jGi3VpSSux0i+qlcs0h/ixrMdPpR2PjA==</latexit>
1
<latexit sha1_base64="gjp2WQJiw+hN9SMC1mx2igPuwnQ=">AAACxHi cjVHLSsNAFD2Nr1pfVZdugkVwFZJasN0VBHHZgn1ALZJMpzU0LyYToRT9Abf6beIf6F94Z0xBkaITktw595wzc+/1ksBPpW2/FYyV1bX1jeJmaWt7Z3evv H/QTeNMMN5hcRCLvuemPPAj3pG+DHg/EdwNvYD3vOmFyvfuuUj9OLqWs4QPQ3cS+WOfuZKgtnNbrthWrVG3zxrm78CxbL0qyFcrLr/iBiPEYMgQgiOCpD iAi5SeARzYSAgbYk6YoMjXeY4HlEibEYsTwyV0St8J7QY5GtFeeaZazeiUgF5BShMnpImJJyhWp5k6n2lnhS7znmtPdbcZ/b3cKyRU4o7Qv3QL5n91qhaJ Meq6Bp9qSjSiqmO5S6a7om5ufqtKkkNCmIpHlBcUM61c9NnUmlTXrnrr6vy7ZipU7VnOzfChbkkDXkzRXB50q5ZzZlXbtUrTzkddxBGOcUrzPEcTV2iho 72f8IwX49IIjNTIvqhGIdcc4scyHj8Bor2Piw==</latexit>
 1
<latexit sha1_base64="TAJ/Yh6kJPlpkuSTCsleXTKT6ns=">AAACxXi cjVHLSsNAFD2Nr1pfVZdugkVwY0htwXZXcKHLKvYBtUgyndaheZFMCqWIP+BWf038A/0L74wpKFJ0QpI7555zZu69buSJRNr2W85YWl5ZXcuvFzY2t7Z3i rt77SRMY8ZbLPTCuOs6CfdEwFtSSI93o5g7vuvxjjs+V/nOhMeJCIMbOY1433dGgRgK5kiCrk/Kd8WSbVXrNbtSN38HZcvWq4RsNcPiK24xQAiGFD44Ak iKPThI6OmhDBsRYX3MCIspEjrP8YACaVNicWI4hI7pO6JdL0MD2ivPRKsZneLRG5PSxBFpQuLFFKvTTJ1PtbNCF3nPtKe625T+bublEypxT+hfujnzvzpV i8QQNV2DoJoijajqWOaS6q6om5vfqpLkEBGm4gHlY4qZVs77bGpNomtXvXV0/l0zFar2LOOm+FC3pAHPp2guDtqnVrlinV5VSw07G3UeBzjEMc3zDA1co okWeQ/xhGe8GBeGb0hj8kU1cplmHz+W8fgJM5mPwg==</latexit>
real part
<latexit sha1_base64="dGSGTXJM9zhzGqluWDM/ZBCvTK8=">AAACzHi cjVHLSsNAFD2N73fVpZtgEVyFSWy13QluXImC1UoVSeK0hk4eTCZCKd36A271u8Q/0L/wzpiCLkQnJLlz7jln5t4bZCLKFWNvFWtqemZ2bn5hcWl5ZXWtu r5xkaeFDHk7TEUqO4GfcxElvK0iJXgnk9yPA8Evg8GRzl8+cJlHaXKuhhm/if1+EvWi0FcEXRFV2Jkv1W21xhzmNRt1z2aO12Att0VBg7mt/brtOsysGs p1mlZfcY07pAhRIAZHAkWxgI+cni5cMGSE3WBEmKQoMnmOMRZJWxCLE8MndEDfPu26JZrQXnvmRh3SKYJeSUobO6RJiScp1qfZJl8YZ43+5j0ynvpuQ/oH pVdMqMI9oX/pJsz/6nQtCj00TQ0R1ZQZRFcXli6F6Yq+uf2tKkUOGWE6vqO8pDg0ykmfbaPJTe26t77JvxumRvU+LLkFPvQtacCTKdq/Bxee4+453plXO 6yXo57HFraxS/M8wCGOcYo2ecd4wjNerBNLWSNr/EW1KqVmEz+W9fgJcPuTDA==</latexit>
imaginary part
<latexit sha1_base64="TeIl5ajUfIgYxaUwe5Dn0GZrJbg=">AAAC0Xi cjVHLSsNAFD3G97vq0k2wCK7CJLba7gQ3LhWtFXwxSad1ME3CZCIUEcStP+BWf0r8A/0L74wp6EJ0QpJ7zz3nzNy5YRbLXDP2NuKMjo1PTE5Nz8zOzS8sV paWj/O0UJFoRWmcqpOQ5yKWiWhpqWNxkinB+2Es2uH1rqm3b4TKZZoc6UEmzvu8l8iujLgm6EJSKhOuBm7Glb6sVJnHgka9FrjMC+qs6TcpqDO/uVVzfY /ZVUW59tPKK87QQYoIBfoQSKApjsGR03MKHwwZYee4JUxRJG1d4A4zpC2IJYjBCb2mb4+y0xJNKDeeuVVHtEtMryKli3XSpMRTFJvdXFsvrLNBf/O+tZ7m bAP6h6VXn1CNK0L/0g2Z/9WZXjS6aNgeJPWUWcR0F5Uuhb0Vc3L3W1eaHDLCTNyhuqI4ssrhPbtWk9vezd1yW3+3TIOaPCq5BT7MKWnAwym6vwfHgedve sFBUN2plaOewirWsEHz3MYO9rCPFnkrPOEZL86hM3DunYcvqjNSalbwYzmPn0oXlVs=</latexit>
d
ir
ec
t
n
u
m
.
<latexit sha1_base64="pROPUEg52oryE89Ti0uvzWlUXcM="></latexit>
e↵
ec
ti
ve
p
b
<latexit sha1_base64="AJJSyGrf8gENMOzVeskxeVarwAI="></latexit>
d
ir
ec
t
n
u
m
.
<latexit sha1_base64="pROPUEg52oryE89Ti0uvzWlUXcM="></latexit>
e↵
ec
ti
ve
p
b
<latexit sha1_base64="AJJSyGrf8gENMOzVeskxeVarwAI="></latexit>
RLL
<latexit sha1_base64="KKhYAkAA If6m5y0QVEe/eTMwDb0=">AAAC1nicjVG7TsNAEBzMK7wDlDQWERKVdTYJk C4SDUWKgEiIRFBkmwNOOLZln4EoCh2i5Qdo4ZMQfwB/wd7hSFAgOMv23uz M3O2uFwcilYy9jRnjE5NT04WZ2bn5hcWl4vJKK42yxOdNPwqipO25KQ9EyJ tSyIC344S7PS/gx97VnsofX/MkFVF4JPsxP+25F6E4F74rCeoWlw+7Hclv5 aAjRdg36/Vht1hiFnN2K2XHZJZTYVW7SkGF2dXtsmlbTK8S8tWIiq/o4AwR fGTogSOEpDiAi5SeE9hgiAk7xYCwhCKh8xxDzJI2IxYnhkvoFX0vaHeSoy HtlWeq1T6dEtCbkNLEBmki4iUUq9NMnc+0s0J/8x5oT3W3Pv293KtHqMQlo X/pRsz/6lQtEufY1TUIqinWiKrOz10y3RV1c/NbVZIcYsJUfEb5hGJfK0d9 NrUm1bWr3ro6/66ZClV7P+dm+FC3pAGPpmj+HrQcy96ynINyqVbOR13AGta xSfPcQQ37aKBJ3jd4wjNejLZxZ9wbD19UYyzXrOLHMh4/AdiElrY=</lat exit>
RLT
<latexit sha1_base64="xoJ84iyzN7Fu8IwYNL34hDSRiU4=">AAAC1ni cjVG7TsNAEJyYVwivACWNRYREZZ1NAqRDoqGgCIiQSARFtjnghGNb9hmIIugQLT9AC5+E+AP4C/YOR4IigrNs783OzN3uenEgUsnYe8EYG5+YnCpOl2Zm5 +YXyotLx2mUJT5v+lEQJW3PTXkgQt6UQga8HSfc7XkBb3lXuyrfuuZJKqLwSPZjftpzL0JxLnxXEtQtLx52O5LfykFHirBv7h/ddcsVZjFnu1Z1TGY5NV a36xTUmF3frJq2xfSqIF+NqPyGDs4QwUeGHjhCSIoDuEjpOYENhpiwUwwISygSOs9xhxJpM2JxYriEXtH3gnYnORrSXnmmWu3TKQG9CSlNrJEmIl5CsTrN 1PlMOyt0lPdAe6q79env5V49QiUuCf1LN2T+V6dqkTjHtq5BUE2xRlR1fu6S6a6om5s/qpLkEBOm4jPKJxT7Wjnss6k1qa5d9dbV+Q/NVKja+zk3w6e6J Q14OEVzdHDsWPaG5RxUKzvVfNRFrGAV6zTPLexgDw00yfsGz3jBq9E27o0H4/GbahRyzTJ+LePpC+uMlr4=</latexit>
RTL
<latexit sha1_base64="/X8YU9xHzHHuENepZXvcsrxmePA=">AAAC1ni cjVG7TsNAEJyYVwivACWNRYREZZ1NAqRDoqGgCIiQSARFtjnghGNb9hmIIugQLT9AC5+E+AP4C/YOR4IigrNs783OzN3uenEgUsnYe8EYG5+YnCpOl2Zm5 +YXyotLx2mUJT5v+lEQJW3PTXkgQt6UQga8HSfc7XkBb3lXuyrfuuZJKqLwSPZjftpzL0JxLnxXEtQtLx52O5LfykFHirBvHu3fdcsVZjFnu1Z1TGY5NV a36xTUmF3frJq2xfSqIF+NqPyGDs4QwUeGHjhCSIoDuEjpOYENhpiwUwwISygSOs9xhxJpM2JxYriEXtH3gnYnORrSXnmmWu3TKQG9CSlNrJEmIl5CsTrN 1PlMOyt0lPdAe6q79env5V49QiUuCf1LN2T+V6dqkTjHtq5BUE2xRlR1fu6S6a6om5s/qpLkEBOm4jPKJxT7Wjnss6k1qa5d9dbV+Q/NVKja+zk3w6e6J Q14OEVzdHDsWPaG5RxUKzvVfNRFrGAV6zTPLexgDw00yfsGz3jBq9E27o0H4/GbahRyzTJ+LePpC+uUlr4=</latexit>
RTT
<latexit sha1_base64="k1kLQhtXiQkHfx8TTNQfsI6Dk1Q=">AAAC1ni cjVHLSsNAFD3GV62vqks3wSK4CpPYqt0V3Lis0taClZLEUQfTJCQTtZS6E7f+gFv9JPEP9C+8M6agC9EJSe6ce86Zufd6cSBSydjbhDE5NT0zW5grzi8sL i2XVlbbaZQlPm/5URAlHc9NeSBC3pJCBrwTJ9ztewE/9q72Vf74miepiMKmHMT8tO9ehOJc+K4kqFdaOep1Jb+Vw64U4cBsNke9UplZzNmrVhyTWU6V1e waBVVm13Yqpm0xvcrIVyMqvaKLM0TwkaEPjhCS4gAuUnpOYIMhJuwUQ8ISioTOc4xQJG1GLE4Ml9Ar+l7Q7iRHQ9orz1SrfToloDchpYlN0kTESyhWp5k6 n2lnhf7mPdSe6m4D+nu5V59QiUtC/9KNmf/VqVokzrGnaxBUU6wRVZ2fu2S6K+rm5reqJDnEhKn4jPIJxb5Wjvtsak2qa1e9dXX+XTMVqvZ+zs3woW5JA x5P0fw9aDuWvW05h5VyvZKPuoB1bGCL5rmLOg7QQIu8b/CEZ7wYHePOuDcevqjGRK5Zw49lPH4C/pyWxg==</latexit>
0
<latexit sha1_base64="zYzM89K4 SRr8gkQAc7zgi3W7BCY=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwFaatY LsrCOKyBfuAWiRJp3VomoTMRChFf8Ctfpv4B/oX3hlTUKTohCR3zj3nzNx 7vTgQUjH2lrNWVtfWN/Kbha3tnd294v5BR0Zp4vO2HwVR0vNcyQMR8rYSKu C9OOHu1At415tc6Hz3nidSROG1msV8MHXHoRgJ31UEtdhtscQcVq+xat3+H ZQdZlYJ2WpGxVfcYIgIPlJMwRFCURzAhaSnjzIYYsIGmBOWUCRMnuMBBdKm xOLEcAmd0HdMu36GhrTXntKofToloDchpY0T0kTESyjWp9kmnxpnjS7znh tPfbcZ/b3Ma0qowh2hf+kWzP/qdC0KI9RMDYJqig2iq/Mzl9R0Rd/c/laVI oeYMB0PKZ9Q7Bvlos+20UhTu+6ta/LvhqlRvfczbooPfUsa8GKK9vKgU3HK VafSOis1WDbqPI5wjFOa5zkauEITbeP9hGe8WJdWYEkr/aJauUxziB/Levw EhJGPfg==</latexit>
25
<latexit sha1_base64="Ih4xtGHN bf9FcQvx+wE4w6P04Ww=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwFdJWs d0VXOiyin1ALZKk0zo0LyaTQiniD7jVXxP/QP/CO2MKihSdkOTOueecmXu vG/s8kbb9ljOWlldW1/LrhY3Nre2d4u5eO4lS4bGWF/mR6LpOwnwespbk0m fdWDAncH3WccfnKt+ZMJHwKLyR05j1A2cU8iH3HEnQdeX0rliyLbtes6t18 3dQtmy9SshWMyq+4hYDRPCQIgBDCEmxDwcJPT2UYSMmrI8ZYYIirvMMDyiQ NiUWI4ZD6Ji+I9r1MjSkvfJMtNqjU3x6BSlNHJEmIp6gWJ1m6nyqnRW6yH umPdXdpvR3M6+AUIl7Qv/SzZn/1alaJIao6Ro41RRrRFXnZS6p7oq6ufmtK kkOMWEqHlBeUOxp5bzPptYkunbVW0fn3zVToWrvZdwUH+qWNOD5FM3FQbti latW5eqk1LCzUedxgEMc0zzP0MAlmmiR9xBPeMaLcWEEhjQmX1Qjl2n28WM Zj58tMo+/</latexit>
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Figure 11: Accuracy of the effective model on the reflection coefficients – Real and imaginary parts of the four reflection
coefficients versus h and θ. The solution of the effective problem, (50) (second row) reproduces accurately the direct
numerical solution of the actual problem (first row) up to the occurence of the first longitudinal resonance for h ' 25.3
m.
The occurence of this resonance is visible by means of the amplitude of the vertical displace-
ment u1(0, x2), which is reported in figure 12 against h. We observe the same trends as for the
bending modes. Far from the resonance, the displacement is essentially the same as for a surface
19
on its own; at the longitudinal resonance, it tends to zero resulting in clamped- free conditions
for the plates. However, it is also visible that rapid variations of the displacements due to mul-
tiple bending resonances superimpose to the smooth variations of the displacement due to the
longitudinal resonance.
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Figure 12: Occurence of the first resonance in reflection – Variation of the amplitude of the vertical displacement u1(0, x2)
at the bottom of the plates. The bending resonances are superimposed to this resonance which produces a almost clamped
condition u1(0, x2) = 0 for h ' 25.3 m.
5. Conclusion
We have studied the interaction of an array of plates or beams with an elastic half-space u-
sing asymptotic analysis and homogenization techniques. The resulting models (3)-(5) for plates
and (B.1)-(B.3) for beams provide one-dimensional propagation problems which in their simpler
form consist in effective boundary conditions at the surface of the ground, (6) for plates and (B.5)
for beams. The exception for plates in the boundary condition σ13 in (5) is incidental for in-plane
incidence but it is interesting since it provides non trivial coupling for arbitrary incidence. For in-
plane incidence, the model has been validated by comparison with direct numerical simulations
which show an overall good agreement. In particular, the displacement fields obtained in a
closed-form accurately reproduce the actual ones; this is of practical importance for applications
to site-city interaction where the displacements at the bottom and at the top of buildings are
relevant quantities to measure the risk of building damage.
Our models have been obtained owing to a deductive approach which applies to a wide va-
riety of problems. An important point is that the analysis does not assume a preliminary model
reduction for the resonator on its own and as such, it can be conducted at any order. Higher
order models would involve enriched transmission and boundary conditions able to capture more
subtle effects as the shift in the resonance frequencies visible in the figure 9 or the presence
of heterogeneity at the roots and at the top of the bodies as it has been done in [36]. Next,
we have considered bodies with sufficient symmetry resulting in a diagonal rigidity matrices
and which allow for easier calculations. When symmetries are lost, and the simplest case is
that of beams with rectangular cross-sections, the calculations are similar; they will produce
couplings for incidences as soon as the horizontal component does not coincide with one of
the two principal directions. Additional complexities can be accounted for straightforwardly, as
orthotropic anisotropy along x1 or slow variations in the cross-section. Eventually, the models
are restricted to the low frequency regime where only the flexural resonances take place. At the
threshold of the first longitudinal resonance, they fail as illustrated in figure 12. Extension of the
20
present work consists in adapting the homogenization procedure in order to capture both flexural
and longitudinal resonances at higher frequencies.
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Appendix A. Remark on the solution in the region of the plates
From the boundary conditions (5), ∂
2u2
∂x21
(h, x2) = ∂
3u2
∂x31
(h, x2) = 0 and u2(0+, x2) = u2(0−, x2),
∂u2
∂x1
(0+, x2) = 0, the general solution for x1 ∈ (0, h) reads as follows
u2(x1, x2) = A(x2) {a(κh) [chκ(x1 − h) + cos κ(x1 − h)] + b(κh) [shκ(x1 − h) + sin κ(x1 − h)]} ,
with a(κh) = (chκh + cos κh), b(κh) = (shκh − sin κh).
(A.1)
The displacement u2 is continuous at x1 = 0 and we have 2A(x2)(1 + chκh cos κh) = u2(0, x2),
hence
u2(x1, x2) = u2(0, x2)V(x1),
V(x1) =
a(κh) [chκ(x1 − h) + cos κ(x1 − h)] + b(κh) [shκ(x1 − h) + sin κ(x1 − h)]
2 (1 + chκh cos κh)
.
(A.2)
Obviously, this holds except at the resonance frequencies of the plates for chκrh cos κrh = −1
which imposes u2(0, x2) = 0 (and eigenmodes in the region of the plates). It follows that the
relation on σ12(0−, x′) in (5) becomes σ12(0−, x′) = −(Dp/`)V ′′′(0) u2(0, x2), with V ′′′(0) =
−κ4h f (κh), with f (κh) in (6). With σ12(0−, x′) = (κ4Dph/`) f (κh) u2(0, x2) and κ4Dp = ρpω2ϕ`,
we recover the form announced in (6).
(1 + chh cosh)/chh
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Figure A.13: Bending resonances in the region of the plates (clamped/stress free conditions).
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Appendix B. Main steps of the derivation for an array of circular beams
Let us derive in this Appendix the effective model for circular beams of radius rp, for which
all the derivations are analytical; the circular beams are periodically located in a square array
whose unit cell has a section area S (figure 1(b)). In this case, the complete formulation of the
problem reads
In the substrate, x1 ∈ (−∞, 0) : divσ + ρsω2u = 0, σ = 2µsε + λstr(ε)I,
In the region of the beams, x1 ∈ (0, h) : ∂
4uα
∂x41
− κ4uα = 0, α = 2, 3, κ =
ρpω2pir2pDp
1/4 ,
(B.1)
where
Dp = Ep
pir4p
4
, (B.2)
is the flexural rigidity of the circular beams, complemented by the boundary conditions
σ11(0−, x′) = ρpω2ϕh u1(0, x2),
σ1α(0−, x′) = −DpS
∂3uα
∂x31
(0+, x2),
uα(0+, x′) = uα(0−, x′),
∂uα
∂x1
(0+, x′) = 0,
∂2uα
∂x21
(h, x′) =
∂3uα
∂x31
(h, x′) = 0, α = 2, 3.
(B.3)
where ϕ = pir2p /S . It follows that the problem can be thought in the substrate only, with
divσ + ρsω2u = 0, σ = 2µsε + λstr(ε) I, x1 ∈ (−∞, 0), (B.4)
along with the boundary conditions of the Robin’s type
σ11(0, x′) = Zu1(0, x′),
σ1α(0, x′) = Z f (κh) uα(0, x′),
(B.5)
where Z and f (κh) are defined in (7) (we used that Dpκ4 = ρpω2pir2p ).
Appendix B.1. Effective wave equation in the region of the beams
Appendix B.1.1. Notations
We shall use the same expansions as in (9) but now, the terms wn and pin depend on z′ =
(z2, z3) (and not only on z2) and we seek to establish the effective behaviour in the region of the
array in terms of macroscopic averaged fields
wn(y1, x′) =
1
ϕSˆ
∫
Y
wn(y1, z′, x′) dz′, pin(y1, x′) =
1
Sˆ
∫
Y
pin(y1, z′, x′) dz′, (B.6)
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where x′ = (x2, x3) and Y represents the circular section of the beam Y =
{√
z22 + z
2
3 ≤ rˆ
}
, with
rˆ = rp/η2. It is worth noting that it is sufficient to replace z2 by z′ in (10) to (15); in particular,
we have
∇ → e1
η
∂
∂y1
+
1
η2
∇z′ + ∇x′ . (B.7)
and
εz
′
(w) =
1
2

0 12∂z2 w1
1
2∂z3 w1
1
2∂z2 w1 ∂z2 w2
1
2
(
∂z3 w2 + ∂z2 w3
)
1
2∂z3 w1
1
2
(
∂z3 w2 + ∂z2 w3
)
∂z3 w3
 . (B.8)
Appendix B.1.2. Sequence of resolution and main results of the analysis
The analysis is made more involved since the problem is two-dimensional in the rescaled
coordinate z′. The procedure is thus more complex. It is as follow:
1. We establish that
pi011 = 0, (B.9)
and the dependence of w0 on (z2, z3), specifically
w01 = W
0
1 (x
′), w0α = W
0
α(y1, x
′), (B.10)
2. We deduce the form of pi0 and of w1
pi011 = −Ep
∂2W0α
∂y21
(y1, x′) zα, pi01α = pi
0
αβ = 0,
w11 = W
1
1 (x
′) − ∂W
0
α
∂y1
(y1, x′) zα, w1α = W
1
α(y1, x
′).
(B.11)
3. eventually the form of pi11i and the Euler-Bernoulli equation for the bending W
0
α, α = 2, 3.
Specifically 
pi111(y1, x
′) = ρpω2ϕW01 (x
′) (hˆ − y1),
pi11α(y1, x
′) = −Ep ϕrˆ
2
4
∂3W0α
∂y31
(y1, x′),
(B.12)
and
Ep
rˆ2
4
∂4W0α
∂y41
− ρpω2 W0α = 0. (B.13)
Appendix B.1.3. First step: pi011 in (B.9) and w
0 in (B.10)
This step is not very demanding. From (E1)−1 in (13), ∂y1pi011 + ∂zαpi
1
1α = 0, which after
integration over Y leaves us with ∂y1pi
0
11 = 0; anticipating pi
0
11 = 0 at the top of the beams (as we
did for the plates), we get pi011 = 0 everywhere, as announced in (B.9).
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Now, from (C′1α)
−2 in (14), ∂zαw01 = 0 and from (C
′
11)
−1 ∂y1 w01 = 0. It follows that w
0
1 depends
only on x′, in agreement with (B.10). From (C′αβ)−2, w0α is a rigid body motion i.e.
w0α = W
0
α(y1, x
′) + Ω0(y1, x′)(e1, z, eα), (B.14)
with (e1, z, eα) = e1 · (z × eα) being the triple product, and we shall establish that Ω0 = 0. To do
so we infer, from (C′1α)
−1, that
∂zαw
1
1 + ∂y1 w
0
α = 0→ ∂y1
(
∂z2 w
0
3 − ∂z3 w02
)
= 0. (B.15)
Inserting (B.14) in (B.15) tells us that Ω0 does not depend on y1 and anticipating the matching
condition with the displacement in the substrate which imposes that Ω0 = 0 at y1 = 0, we deduce
that Ω0 = 0 everywhere, and (B.14) reduces to the form of w0α announced in (B.10).
Appendix B.1.4. Second step: (pi0,w1) in (B.11)
We start by determining w1 incompletely (compared to what is announced in (B.10)). For
w11, we come back to ∂zαw
1
1 + ∂y1 w
0
α = 0 in (B.15), and w
0
α in (B.10) provides us with
w11 = W1(y1, x
′) − ∂W
0
α
∂y1
(y1, x′) zα, (B.16)
and it remains for us to show that W1 does not depend on y1; this will be done after pi011 has been
determined. Next, from (C′αβ)
−1, w1α is a rigid body motion, hence
w1α = W
1
α(y1, x
′) + Ω1(y1, x′)(e1, z, eα). (B.17)
Now, we shall prove that Ω1 = 0; this will be done once pi01α have been determined. For the
time being, we pursue the calculations by setting the boundary value problem set in Y on the
unknowns (pi0αβ,w
2
α). From (Eα)
−2 and (Cαβ)0 in (13), it reads
∂zβpi
0
αβ = 0, pi
0
αβ = 2µp
(
εx
′
αβ(w
0) + εz
′
αβ(w
2)
)
+ λp
(
∂y1 w
1
1 + ε
x′
γγ(w0) + εz
′
γγ(w2)
)
δαβ, in Y,
pi0αβnβ = 0 on ∂Y,
(B.18)
with w0 known from (B.10) and w11 from (B.16) at this stage. It is easy to check that the solution
of this boundary value problem is
pi0αβ = 0,
w2α = −ex
′
αβ(w
0)zβ − λp2(µp + λp) zα
∂W1
∂y1
(y1, x′) +
λp
2(µp + λp)
gα + W2α(y1, x
′) + Ω2(y1, x′)(e1, z, eα),
(B.19)
where
g2 =
 z222 − z232
 ∂2W02
∂y21
+ z2z3
∂2W03
∂y21
, g3 =
 z232 − z222
 ∂2W03
∂y21
+ z2z3
∂2W02
∂y21
. (B.20)
The above form of w2α along with w
0
α in (B.10) can now be used to find pi
0
11 =
(
2µp + λp
)
∂y1 w
1
1 +
λp
(
∂xαw
0
α + ∂zαw
2
α
)
, and we get
pi011 = Ep
∂W1
∂y1
(y1, x′) − ∂
2W0α
∂y21
(y1, x′) zα
 , (B.21)
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where we used that Ep = µp(2µp + 3λp)/(µp + λp). It is now sufficient to remember that pi011 = 0 to
get that ∂y1 W1 = 0, hence the above expression of pi
0
11 simplifies to the form announced in (B.11)
and w11 in (B.16) simplifies to to that in (B.11).
We now use the boundary value problem set in Y on the unknowns (pi01α,w
2
1). From (E1)
−2
and (C1α)0 in (13), it reads as follows{
∂zαpi
0
1α = 0, pi
0
1α = µp
(
∂y1 w
1
α + ∂xαw
0
1 + ∂zαw
2
1
)
, in Y,
pi01αnα = 0, on ∂Y,
(B.22)
with w01 known from (B.10) and w
1
α from (B.17) at this stage. The solution is again found to be
of the form 
pi01α = µp
∂Ω1
∂y1
(y1, x′)(e1, z, eα),
w21 = W
2
1 (y1, x
′) − zα
∂W1α
∂y1
(y1, x′) +
∂W01
∂xα
(x′)
 , (B.23)
and we see that Ω1 = 0 implies pi01α = 0. To show that Ω
1 = 0, we use ∂y1pi
0
1α + ∂zβpi
1
αβ = 0
which we infer from (Eα)−1. Multiplying by v = vαeα with the triple product vα = (e1, z, eα) and
integrating over Y , we find that∫
Y
vα∂y1pi
0
1α dz
′ +
∫
∂Y
vαpi1αβnβ dl −
∫
Y
∂zβvαpi
1
αβ dz
′ = 0. (B.24)
Since pi1 is symmetric and ∇v is anti-symmetric, we have ∂zβvαpi1αβ = 0, and pi1αβnβ = 0 on ∂Y .
Hence, (B.24) reduces to∫
Y
vα
∂pi01α
∂y1
dz′ = 0→ ∂
2Ω1
∂y21
(y1, x′)
∫
Y
(e1, z, eα)2dz′ = 0. (B.25)
Next, with (e1, z, eα)2 = z2 whose integral does not vanish, we obtain that ∂y1Ω1 does not depend
on y1; anticipating that ∂y1Ω
1(hˆ, x′) = 0 and Ω1(hˆ, x′) = 0, we deduce that Ω1 = 0 everywhere.
It follows that pi01α = 0, from (B.23), and that w
1
α = W
1
α(y1, x′), from (B.17), in agreement with
(B.11).
Appendix B.1.5. Third step: pi11i in (B.12) and the Euler-Bernoulli equations in (B.13)
This starts with (E)0 in (13) integrated over Y , specifically
∂pi111
∂y1
+ ρpω
2ϕW01 = 0,
∂pi11α
∂y1
+ ρpω
2ϕW0α = 0, (B.26)
where we have used that pi0 = 0 from (B.9) and (B.11) and pi2n| ∂Y = 0. Since W01 depends only
on x′, and anticipating that pi111(hˆ, x
′) = 0, we obtain by integration the form of pi111 in (B.12).
To get pi11α, we multiply (E1)
−1 (which reads ∂y1pi011 + ∂zβpi
1
1β = 0, with pi
0
11 in (B.11)) by zα
and integrate over Y to find that
Ep
∂3W0β
∂y31
(y1, x′)
∫
Y
zαzβ ds +
∫
Y
pi11β δαβ ds = 0, (B.27)
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where we have used that pi11β nβ | ∂Y = 0. For the circular cross-section of the beams,
∫
Y z2z3dz
′ = 0
and
∫
Y z
2
2dz
′ =
∫
Y z
2
3dz
′ = pirˆ4/4. It follows that
Sˆ pi11α(y1, x
′) = −Ep pirˆ
4
4
∂3W0α
∂y31
(y1, x′), (B.28)
in agreement with (B.12) (with ϕSˆ = pirˆ2). Coming back to (B.26) with the above form of pi11α,
we deduce that
Ep
pirˆ4
4
∂4W0α
∂y41
− ρpω2ϕSˆ W0α = 0, (B.29)
in agreement with (B.13).
Appendix B.2. Effective boundary conditions at the top of the array of beams
As we have done in (30), we consider the following expansions for the displacement and
stress
u =
∑
n≥0
ηnvn(z, x′), σ =
∑
n≥0
ηnτn(z, x′). (B.30)
We use (e) in (33) (with z′ → z) which provide us with divzτ0 = divzτ1 = 0, and this makes
the calculations identical to those conducted in §3.2 for the plates when integrating over Z =
{z1 ∈ (−∞, 0), z′ ∈ Y}. We thus obtain
pi01i(hˆ, z
′, x′) = pi11i(hˆ, z
′, x′) = 0, i = 1, 2, 3, (B.31)
(see (35)). The conditions on pi01i are consistent with (B.9) and (B.11). The condition on pi
1
11 is
that anticipated to find (B.12). Eventually, the condition on pi11α combined with (B.12) provides
the conditions of zero shear force
∂3W0α
∂y31
(hˆ, x′) = 0. (B.32)
To derive the condition of zero bending moment, we proceed the same as we have done in (B.24);
with v = vαeα and vα = (e1, z, eα), we consider the vanishing integral
∫
Z vα∂ziτ
0
iα dv = 0, hence∫
∂Z
vατ0iαni = 0, (B.33)
where we have used that ∂zi vατ
0
iα = 0 by construction. Because τ
0 · n vanishes on ∂Z except at
the bottom face z1 = −zm and passing to the limit zm → +∞, this integral reduces to∫
Y
vα pi01α(hˆ, z
′, x′) ds = 0. (B.34)
Making use of (B.23) leads to the anticipated boundary condition
∂Ω1
∂y1
(hˆ, x′) = 0, (B.35)
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that we have used to get pi01α = 0. It remains to derive the condition of zero bending moment. By
considering a = zα e1 − z1eα and integrating over Z the scalar a · divzτ0 (since divzτ0 = 0), we
found that
0 =
∫
∂Z
ai τ0i jn j ds = −
∫
Y
zα τ011 |z1=−zm ds − zm
∫
Y
τ01α |z1=−zm ds. (B.36)
Since we have in addition 0 =
∫
∂Z τ
0
i jn j ds =
∫
Y τ
0
1α |z1=−zm ds, we can pass to the limit zm → ∞,
and get 0 =
∫
Y zατ
0
11 → zαpi011(hˆ, x′). Now accounting for pi011 in (B.21), we obtain the expected
boundary condition
∂2W0α
∂y21
(hˆ, x′) = 0. (B.37)
Appendix B.3. Effective transmission conditions between the substrate and the array
In the vicinity of the interface between the substrate and the array, we consider the same
expansions as in (B.30), and at the dominant order, we still have divzτ0 = divzτ1 = 0. The
calculations are identical to that conducted in §3.3 when integrating over Z = {z1 ∈ (0,+∞), z′ ∈
Y} ∪ {z1 ∈ (−∞, 0), z′ ∈ (− ˆ`/2, ˆ`/2)2}, and we find
σ01i(0
−, x′) = 0, i = 1, 2, 3, (B.38)
which are consistent with (B.9) and (B.11). Next, using pi11i in (B.12), we find
σ111(0
−, x′) = ρpω2 ϕ hˆW01 (x
′), σ11α(0
−, x′) = −Ep pirˆ
4
4S
∂3W0α
∂y31
(0, x′). (B.39)
We have yet to establish the continuity of the displacement. From the counterpart of (c′) in (42)
(with z′ → z), it is easily seen that we have at the dominant orders
εz(v0) = εz(v1) = 0. (B.40)
Therefore v0 and v1 are piecewise rigid body motions, namely v0 = Ω0(x′) × z + V0(x′), the
same for v1. Invoking the periodicity of vi, i = 1, 2 with respect to z2 and z3 for z1 < 0 and
the continuity of vi at z1 = 0, these rigid body motions reduce to a single translation over Z.
Eventually, using the matching conditions on the displacements, we then obtain
u01(0
−, x′) = W01 (x
′), u0α(0
−, x′) = W0α(0
+, x′),
∂W0α
∂z1
(0+, x′) = 0. (B.41)
Appendix B.4. The final problem
The effective problem (B.1) is obtained for (u = u0,σ = σ0 +ησ1) in the substrate for x1 < 0,
(u = W0,σ = pi0 + ηpi1) in the region of the array for x1 > 0. Remembering that y1 = x1/η and
hˆ = h/η, rˆ = rp/η2, it is easy to see that (i) the Euler-Bernoulli equation in (B.1) is obtained from
(B.13), (ii) the effective boundary conditions announced in (B.3) from (B.32), (B.37)-(B.39) and
(B.41).
27
References
References
[1] H. Lamb, I. on the propagation of tremors over the surface of an elastic solid, Philosophical Transactions of the
Royal Society of London. Series A, Containing papers of a mathematical or physical character 203 (359-371)
(1904) 1–42.
[2] C. Pekeris, The seismic surface pulse, Proceedings of the national academy of sciences of the United States of
America 41 (7) (1955) 469.
[3] P. C. Jennings, J. Bielak, Dynamics of building-soil interaction, Bulletin of the seismological society of America
63 (1) (1973) 9–48.
[4] E. Kausel, R. V. Whitman, J. P. Morray, F. Elsabee, The spring method for embedded foundations, Nuclear Engi-
neering and design 48 (2-3) (1978) 377–392.
[5] G. Gazetas, Formulas and charts for impedances of surface and embedded foundations, Journal of geotechnical
engineering 117 (9) (1991) 1363–1381.
[6] E. Kausel, Early history of soil–structure interaction, Soil Dynamics and Earthquake Engineering 30 (9) (2010)
822–832.
[7] J. E. Luco, L. Contesse, Dynamic structure-soil-structure interaction, Bulletin of the Seismological Society of
America 63 (4) (1973) 1289–1303.
[8] H. Wong, M. Trifunac, Two-dimensional, antiplane, building-soil-building interaction for two or more buildings
and for incident planet sh waves, Bulletin of the Seismological Society of America 65 (6) (1975) 1863–1885.
[9] A. Wirgin, P.-Y. Bard, Effects of buildings on the duration and amplitude of ground motion in mexico city, Bulletin
of the Seismological Society of America 86 (3) (1996) 914–920.
[10] P. Gue´guen, P. Bard, J. Semblat, Engineering seismology: seismic hazard and risk analysis: seismic hazard analysis
from soil-structure interaction to site-city interaction, in: Proc. 12th World Conference on Earthquake Engineering,
2000.
[11] D. Clouteau, D. Aubry, Modifications of the ground motion in dense urban areas, Journal of Computational Acous-
tics 9 (04) (2001) 1659–1675.
[12] C. Tsogka, A. Wirgin, Simulation of seismic response in an idealized city, Soil Dynamics and Earthquake Engi-
neering 23 (5) (2003) 391–402.
[13] P. Gueguen, P.-Y. Bard, Soil-structure and soil-structure-soil interaction: experimental evidence at the volvi test
site, Journal of Earthquake Engineering 9 (05) (2005) 657–693.
[14] M. Kham, J.-F. Semblat, P.-Y. Bard, P. Dangla, Seismic site–city interaction: main governing phenomena through
simplified numerical models, Bulletin of the Seismological Society of America 96 (5) (2006) 1934–1951.
[15] J.-P. Groby, A. Wirgin, Seismic motion in urban sites consisting of blocks in welded contact with a soft layer
overlying a hard half-space, Geophysical Journal International 172 (2) (2008) 725–758.
[16] K. Uenishi, The town effect: dynamic interaction between a group of structures and waves in the ground, Rock
mechanics and rock engineering 43 (6) (2010) 811–819.
[17] M. Todorovska, M. Trifunac, The system damping, the system frequency and the system response peak amplitudes
during in-plane building-soil interaction, Earthquake engineering & structural dynamics 21 (2) (1992) 127–144.
[18] P. Gueg´uen, P.-Y. Bard, F. J. Chavez-Garcia, Site-city seismic interaction in mexico city–like environments: an
analytical study, Bulletin of the Seismological Society of America 92 (2) (2002) 794–811.
[19] C. Boutin, P. Roussillon, Assessment of the urbanization effect on seismic response, Bulletin of the Seismological
Society of America 94 (1) (2004) 251–268.
[20] M. Ghergu, I. R. Ionescu, Structure–soil–structure coupling in seismic excitation and city effect??, International
Journal of Engineering Science 47 (3) (2009) 342–354.
[21] C. Boutin, P. Roussillon, Wave propagation in presence of oscillators on the free surface, International journal of
engineering science 44 (3-4) (2006) 180–204.
[22] L. Schwan, C. Boutin, Unconventional wave reflection due to resonant surface, Wave Motion 50 (4) (2013) 852–
868.
[23] C. Boutin, L. Schwan, M. S. Dietz, Elastodynamic metasurface: Depolarization of mechanical waves and time
effects, Journal of Applied Physics 117 (6) (2015) 064902.
[24] L. Schwan, C. Boutin, L. Padro´n, M. Dietz, P.-Y. Bard, C. Taylor, Site-city interaction: theoretical, numerical and
experimental crossed-analysis, Geophysical Journal International 205 (2) (2016) 1006–1031.
[25] E. Garova, A. Maradudin, A. Mayer, Interaction of rayleigh waves with randomly distributed oscillators on the
surface, Physical Review B 59 (20) (1999) 13291.
[26] H. Wegert, E. A. Mayer, L. M. Reindl, W. Ruile, A. P. Mayer, Interaction of saws with resonating structures on the
surface, in: 2010 IEEE International Ultrasonics Symposium, IEEE, 2010, pp. 185–188.
[27] A. Maznev, V. Gusev, Waveguiding by a locally resonant metasurface, physical Review B 92 (11) (2015) 115422.
28
[28] A. Maznev, Bifurcation of avoided crossing at an exceptional point in the dispersion of sound and light in locally
resonant media, Journal of Applied Physics 123 (9) (2018) 091715.
[29] S. Kuznetsov, Seismic waves and seismic barriers, Acoustical Physics 57 (3) (2011) 420–426.
[30] S.-H. Kim, M. P. Das, Seismic waveguide of metamaterials, Modern Physics Letters B 26 (17) (2012) 1250105.
[31] S.-H. Kim, M. P. Das, Artificial seismic shadow zone by acoustic metamaterials, Modern Physics Letters B 27 (20)
(2013) 1350140.
[32] S. Bruˆle´, E. Javelaud, S. Enoch, S. Guenneau, Experiments on seismic metamaterials: molding surface waves,
Physical review letters 112 (13) (2014) 133901.
[33] S. Kro¨del, N. Thome´, C. Daraio, Wide band-gap seismic metastructures, Extreme Mechanics Letters 4 (2015)
111–117.
[34] A. Colombi, P. Roux, S. Guenneau, P. Gueguen, R. V. Craster, Forests as a natural seismic metamaterial: Rayleigh
wave bandgaps induced by local resonances, Scientific reports 6 (2016) 19238.
[35] D. Colquitt, A. Colombi, R. Craster, P. Roux, S. Guenneau, Seismic metasurfaces: Sub-wavelength resonators and
rayleigh wave interaction, Journal of the Mechanics and Physics of Solids 99 (2017) 379–393.
[36] A. Maurel, J.-J. Marigo, K. Pham, S. Guenneau, Conversion of love waves in a forest of trees, Physical Review B
98 (13) (2018) 134311.
[37] A. Palermo, A. Marzani, Control of love waves by resonant metasurfaces, Scientific reports 8 (1) (2018) 7234.
[38] A. Palermo, F. Zeighami, A. Marzani, Seismic metasurfaces for love waves control, in: EGU General Assembly
Conference Abstracts, Vol. 20, 2018, p. 18607.
[39] L. Kelders, J. F. Allard, W. Lauriks, Ultrasonic surface waves above rectangular-groove gratings, The Journal of
the Acoustical Society of America 103 (5) (1998) 2730–2733.
[40] J. Zhu, Y. Chen, X. Zhu, F. J. Garcia-Vidal, X. Yin, W. Zhang, X. Zhang, Acoustic rainbow trapping, Scientific
reports 3 (2013) 1728.
[41] J. Pendry, L. Martin-Moreno, F. Garcia-Vidal, Mimicking surface plasmons with structured surfaces, science
305 (5685) (2004) 847–848.
[42] F. Garcia-Vidal, L. Martin-Moreno, J. Pendry, Surfaces with holes in them: new plasmonic metamaterials, Journal
of optics A: Pure and applied optics 7 (2) (2005) S97.
[43] P. G. Ciarlet, P. Destuynder, A justification of the two-dimensional linear plate model, J Mec 18 (2) (1979) 315–344.
[44] D. Caillerie, Plaques e´lastiques minces a` structure pe´riodique de pe´riode et d’epaisseurs comparables Sc. Paris Se´r.
II 294 (1982) 159–162.
[45] L. Trabucho, J. Viano, Derivation of generalized models for linear elastic beams by asymptotic expansion methods,
Applications of Multiple Scaling in Mechanics (1987) 302–315.
[46] G. Geymonat, F. Krasucki, J.-J. Marigo, Sur la commutativite´ des passages a` la limite en the´orie asymptotique des
poutres composites, Comptes rendus de l’Acade´mie des sciences. Se´rie 2, Me´canique, Physique, Chimie, Sciences
de l’univers, Sciences de la Terre 305 (4) (1987) 225–228.
[47] B. Miara, L. Trabucho, Approximation spectrale pour une poutre en e´lasticite´ line´arise´e, Comptes rendus de
l’Acade´mie des sciences. Se´rie 1, Mathe´matique 311 (10) (1990) 659–662.
[48] G. Corre, A. Lebe´e, K. Sab, M. K. Ferradi, X. Cespedes, Higher-order beam model with eigenstrains: theory and
illustrations, ZAMM-Journal of Applied Mathematics and Mechanics/Zeitschrift fu¨r Angewandte Mathematik und
Mechanik 98 (7) (2018) 1040–1065.
[49] R. Abdelmoula, J.-J. Marigo, The effective behavior of a fiber bridged crack, Journal of the Mechanics and Physics
of Solids 48 (11) (2000) 2419–2444.
[50] M. David, J.-J. Marigo, C. Pideri, Homogenized interface model describing inhomogeneities located on a surface,
Journal of Elasticity 109 (2) (2012) 153–187.
[51] J.-J. Marigo, A. Maurel, Homogenization models for thin rigid structured surfaces and films, The Journal of the
Acoustical Society of America 140 (1) (2016) 260–273.
[52] A. Maurel, K. Pham, J.-J. Marigo, Scattering of gravity waves by a periodically structured ridge of finite extent,
Journal of Fluid Mechanics 871 (2019) 350–376.
[53] A. Maurel, J.-J. Marigo, J.-F. Mercier, K. Pham, Modelling resonant arrays of the helmholtz type in the time
domain, Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences 474 (2210) (2018)
20170894.
[54] A. Maurel, K. Pham, Multimodal method for the scattering by an array of plates connected to an elastic half-space,
The Journal of the Acoustical Society of America, to appear.
[55] J. Achenbach, Wave propagation in elastic solids, Vol. 16, Elsevier, 2012.
29
